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Abstract—We propose a sequential Monte Carlo (SMC)-based
motif discovery algorithm that can efficiently detect motifs in
datasets containing a large number of sequences. The statistical
distribution of the motifs is modeled by an underlying position
weight matrix (PWM), and both the PWM and the positions of the
motifs within the sequences are estimated by the SMC algorithm.
The proposed SMC motif discovery technique can locate motifs
under a number of scenarios, including the single-block model,
two-block model with unknown gap length, motifs of unknown
lengths, motifs with unknown abundance, and sequences with
multiple unique motifs. The accuracy of the SMC motif discovery
algorithm is shown to be superior to that of the existing methods
based on MCMC or EM algorithms. Furthermore, it is shown that
the proposed method can be used to improve the results of existing
motif discovery algorithms by using their results as the priors for
the SMC algorithm.

Index Terms—Genomic sequence, motif discovery, resampling,
sequential Monte Carlo (SMC).

1. INTRODUCTION

FFORTS by various genomic projects have steadily ex-
E panded the pool of sequenced DNA data. Motifs, or DNA
patterns found in different locations within the genome, are
often of interest to biologists. By seeking out these similarities
exhibited in sequences, we can further our knowledge on the
functions and evolutions of these sequences.

Motif discovery algorithms can be broadly divided into three
major categories: consensus sequence-based algorithms, projec-
tion-based algorithms, and profile-based algorithms. Consensus
sequence-based algorithms include WINNOWER [1], and exam-
ples of projection-based algorithms include Projection in [2]
and uniform projection motif finder (UPMF) in [3]. The third
category of motif discovery algorithms, the profile-based algo-
rithms, attempts to describe the instances of a motif collectively,
by modeling their statistical behavior, namely, the distribution
of the four nucleotides at the different locations within a motif.
In profile-based algorithms, a position weight matrix (PWM) is
used to model such statistical behavior. For motif of length w,
the PWM is 4 X w matrix where each column of the matrix is a
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vector of length 4, corresponding to the probability of observing
each of the four nucleotide at the position. In general, the PWM
is assumed to be an unknown parameter which is to be estimated
by the algorithm together with the locations of the different in-
stances of the motif in the sequences.

In [4], by treating the locations of the motifs in each sequence
as missing information, an expectation-maximization (EM) al-
gorithm is proposed to estimate and locate the motifs. In [5]
and [6], MEME, an algorithm based on EM, is introduced with
support for finding unknown number of motifs and unknown
number of occurrences in the sequences. In [7]-[9], Gibbs Motif
Sampler and AlignACE are proposed based on the Gibbs sam-
pler, a Markov chain Monte Carlo (MCMC) algorithm, to esti-
mate the PWM and the locations of the motifs in the sequences.
Moreover, in [10], the Gibbs sampler-based BioProspector is
proposed to treat the two-block motif model and palindromic
patterns.

In this work, we take the profile-based approach and pro-
pose a solution based on the sequential Monte Carlo (SMC)
algorithm to treat cases of two-block motif models, unknown
number of motif instances, multiple motifs, and using the SMC
algorithm to refine the result of other algorithms. In a follow-up
work [11], we have proposed another profile-based determin-
istic tree-search method, the so-called deterministic sequential
Monte Carlo (DSMC) algorithm, to discover motifs of unknown
length, and motifs with insertion/deletion mutations.

The sequential Monte Carlo methodology is a family of
statistical inference methods that are more powerful than the
traditional MCMC techniques. It has been shown in [12] that
the SMC methods provide an efficient alternative to Gibbs
sampling in Dirichlet mixture models, which is the distribution
of choice for the priors in our work. The SMC algorithm se-
quentially explores the data. However, the underlying problem
does not necessarily have to be sequential in nature. Exam-
ples of SMC algorithms proposed for problems of this kind
where Gibbs sampling solutions already exist can be found in
the nonparametric Bayesian matrix factorization; in electro-
pherogram basecalling algorithms; and in feature-based object
recognition. In our work, we propose SMC algorithms that can
handle single-block model, two-block model with unknown
gap length, motifs of unknown length, motifs with unknown
abundance, and sequences with multiple unique motifs. Fur-
thermore, the SMC algorithm can also be used as a second-pass
algorithm, using other algorithm’s results as inputs, and further
improve those estimates.

The remainder of the paper is organized as follows. In
Section II, we present the system model for the motif discovery
problem for the single block model. In Section III, we derive

1053-587X/$25.00 © 2008 IEEE

Authorized licensed use limited to: lllinois Institute of Technology. Downloaded on May 24,2010 at 17:48:11 UTC from IEEE Xplore. Restrictions apply.



LIANG et al.: A SEQUENTIAL MONTE CARLO METHOD FOR MOTIF DISCOVERY

4497

Motif

.

1 i
Block 1
b. \‘

B

i+w-1 L

Block 2

[ 2 L ® * * L * L 4

1 i i+w, -1

i+W1 +9 i+W‘ +W2+g-1 L

Fig. 1. Position weight matrix models. (a) Model for a single-block motif with motif length w. (b) Two-block motif of lengths w; and w-, and gap length g.

the SMC motif discovery algorithm for the single block model.
In Section IV, we introduce modifications to the single-block
model algorithm to support other motif models. In Section V,
we provide experimental results on both real and synthetic
datasets. Section VI concludes the paper.

II. SYSTEM MODEL

Let S = {s1,82,--,87}, with 8; = [s41,
set of DNA sequences of length I. where we wish to find a
common motif. Let us assume that a motif of length w is present
in each one of the sequences. A single block motif model is
shown in Fig. 1(a). The distribution of the motif is described by
the 4 X w position weight matrix ® = [0;,0,, . ..,8,], where
the column vector 8; = [0j1,...,0,4)7,5 = 1,...,w, is the
probability distribution of the nucleotides {A, C, G, T} at the
jth position of the PWM. The remaining nonmotif nucleotides
are assumed to follow a Markovian distribution with probabili-
ties given by @.

In our state-space model, the states represent the locations
of the first nucleotides of the different occurrences of the motif
in the sequence, whereas the observation for the state at step ¢
is the entire nucleotide sequence, s;. Since the ending w — 1
nucleotides in a sequence are not valid locations for the begin-
ning of a motif with length w, atstep ¢,¢ = 1,...,T, the state,
denoted as 1z, takes value from the set X = {1,2,...,L,,},
where L,,, = L —w + 1.

Let a;,, be a sequence fragment of length w from s;
starting from position z; in s;, and denote aj,, as the
remaining fragment from s, with a;,, removed. For ex-
ample, for s, [AAAAGGGGAAAA] and xz; 5 with

(9]
w = 4, a,, = [GGGG] and a5, = [AAAAAAAA]
Let us further define a vector n(a) = [n1,n2,ns,ns| where
n;,t = 1,...,4, denotes the number of different nucleotides
in the sequence fragment a. Given the vectors @ = [0y, ..., 04]
andn = [ny,...,n4], we define

4
o =TT o0
j=1

In DNA sequences, a nucleotide is often influenced by the
surrounding nucleotides. Thus, we assume for our system model
a third-order Markov model for the nonmotif nucleotides in the
sequence. Let us denote P,fxf as the probability of aj ,,. For
example, if a§ ,, = [AT AAG], the probability of a;,, is given
by

D

P, =p(A)p(T|A)p(A|A, T)p(A|A, T, A)p(G|T, A, A). (2)

In general, the zeroth to third-order Markov chain probabilities
for the background nonmotif nucleotides can be averaged over
a large genomic region, and are assumed to be known, which
we denote as ®¢. To perform motif discovery using the SMC
algorithm, ®( can be given as a known parameter by the user or
default values can be used. Since the nucleotides being located
in the motif are independent of the other motif nucleotides and
nonmotif nucleotides, given the PWM @, the background dis-
tribution @, and the state at time #, the distribution of the ob-
served sequence s; is then given as follows:

2

p(selze =i,0) = P2, [[ 07 %™ = B(s;;4,0)  (3)
k=1

where at,i(k) is the kth element of the sequence fragment a ;,
and n(a¢;(k)) is a 1 x 4 vector of zeros except at the position
corresponding to the nucleotide a; ;(k), where it is a one.

Inference Problem: From the discussion above, we formulate
our inference problem as follows. Let us denote the state real-
izations up to time 7" as « = [€1, 22, ..., 2] and similarly the

. A .

sequences up to time 7" as S = [sq, 82,. .., 87|, with the un-
known parameter @, the position weight matrix. Given the se-
quences S and the Markovian nonmotif nucleotide distribution
®y, we wish to estimate the state realizations x, which are the
starting locations of the motif in each sequence, and the position
weight matrix @, which describes the statistics of the motif. In
the next section, we derive the SMC algorithm to solve this in-
ference problem.

III. SMC MOTIF DISCOVERY ALGORITHM

In this section, we first give a brief overview of the SMC
methods. We then derive an SMC motif discovery algorithm for
the case where each sequence in the dataset contains exactly one
instance of the same motif. In Section IV, we will extend this al-
gorithm to treat more general motif models, including two-block
motifs with unknown gap length, motifs of unknown length,
motifs with unknown abundance, and sequences with multiple
unique motifs.

A. Sequential Monte Carlo Methods

Let us consider the following dynamic model

initial state model: pg(xo) 4
state transitions model: pg(x¢|xs—1) VE>1 5)
measurement model: pg(y:|z:) Vi >1 6)
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where z; and y, are the state and the observation at time ¢,
respectively, and pg(-) are probability density functions de-
pending on some known parameters . At time ¢, we want to
make an online inference of the states £; = (xo, ..., x:) based
on the observation y, = (yo,...,¥:). The optimal solution
in terms of any common criterion depends only on the con-
ditional pdf pg(z:|y,). Often, direct computation of this con-
ditional pdf is infeasible due to the complexity of the system;
therefore, Monte Carlo methods are employed to estimate it. In
most cases, however, drawing random samples directly from the
conditional pdf pg(z:|y,) is also infeasible. Hence, we employ
the importance sampling technique to sample from some trial
sampling density gg(z:|y,) and properly weigh the samples ac-
cordlng to the target distribution. Suppose K random samples
{:z:t k=1,..., K} aredrawn from gg(x:|y, ). The target con-
d1t10nal pdf can then be approximated by

pe(zely,) = Zw(k)ﬂ ( ng)> )
(k)
with w(® — PeZ_18) 5,
(k)
a6(zy " y,)
where W; = Zle wfk) and [(-) is the indicator function
such that I(z) = 1 forx = 0 and I(z) = 0 otherwise. The

set {(zgk)7w§k))7k = 1,...,K} is called a set of prop-
erly weighted samples with respect to the target distribution
[13]. Furthermore, it is possible at time £ to generate the set
{(z §’“) (k)) k =1,..., K}, properly weighted with respect
to pe(zt|y,), recurswely from the previous set of properly
weighted samples {(zgk)l,wik)l) k = 1,...,K}, properly
weighted with respect to pg(zi—1|y,_,). By choosing the

optimal trial distribution qg(zt|a:§]i)l,yt) = pg(xt|z§]i)1,yt)
and suppose z; takes values from X = {1,...,L,,}, then
recursively, the SMC procedure proceeds at time ¢ as follows
[13].

e For:=1,...,L,,, compute

qe (il7t = ’i|$§li)1;?lt> o8 po(yt|i17t = ’i)po (xt = L|$§li)1> .

®)
* Normalize these values such that ZZ | qg( |z 5 )1 y,) = 1.
. Drawa:,g )fromqg( |:1:, 17yf) andletz: =(z 5 ) k )

» Update the importance weight

o ;o (e,

) 3 patunkes = ipo (e =ilai™)) . ©

=1

* Normalize the importance weights so that they sum up to

one.

Although powerful and simple to implement, it has been
shown that in the above steps, the variance of the importance
weights increases over time which causes the degeneracy
problem [13]. Degeneracy occurs when too many samples have
very small weights and become ineffective samples, in which
case, the SMC algorithm becomes inefficient. Degeneracy
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of the samples can be measured by the effective sample size
defined as

-1
k
Kt = K |1+ Var (10)
(k) [, (F)
a6 (T |Z: 20, Y
which can be approximated by [14]

_ K o o2 -

Ko = (Z (w§ )) ) . (11)
k=1

It is suggested that when the effective sample size is too small,
. Ker < (K)/(10), the following resampling steps can be
performed to rejuvenate the samples [14], [15]

. Draw K sample streams {zt Vi = 1,....K } from
{ t k = 1,...,K} with probabllities proportional to
{wt k=1,. K }.

. A551gr1 equal welghts to each stream, wgk) K1,

B. SMC With Unknown Parameters

In our system model, the parameter ® is unknown and has
to be estimated in the SMC process. As we will show later, the
parameter ® is in a form which can be described by a suffi-
cient statistic that is easily updated. To cope with the unknown
static parameters with easily updated sufficient statistics such
as the one in our motif discovery model, we consider the case
where the distribution can be given as p(8|T;) where T; =
Ti(zt,y,) = Tt(Ti-1, x4, yi) is some sufficient statistic at time
t that can be easily updated from the sufficient statistic T';_1
at time ¢t — 1, and the current state and observation, x; and
y¢. Suppose we have available at time ¢ — 1 a set of properly
weighted samples {(zgk)l wt( )1) k =1,...,K} with respect
to p(z:—1|y,_1)- We have

P(iﬂn 0|Z‘/t)
< (%, 0, yely,—1)
X p(®r—11Ys—1)PO|Zs—1,9,1)
X p(@t|Te—1,Y;1.0)p(yt|T2,y,_1,0)
o p(®t—1]y;—1)P(O|Tt—1)p(we|Ti—1,0)p(ye|T1, 6).

Keeping only the past simulated streams {azgk)hwf Lk =

1,..., K}, (12) can be approximated by drawing (a(k),xtk))
from a proposal distribution ¢(8, z; |z§]i)1 JY) = @1 (0|.1:Eli)1, Y;)-

12)

q2($t|:z:§li)1 , Yy, 0). The new weights can be updated by [16]
(k)

Wy
k k)| (k k
© (ﬂ(k)|T§7)) ( ( )|$( ) 0(k)) (yt|f17§ )70(’6))
> e *) ® . g
(0 |5'7t 1?lt> (»Tt ECR )
13)
Hence, by obtaining a Monte Carlo approximation of

p(xt,0ly,) from (12) and the set of sufficient statistics
{T( D k=1,...,K} = {To(Toe1, 2™ y0) k= 1,..., K},
the approx1mat10n of p(zt|y,) can then be obtalned by dis-
carding the samples 6*). To simplify computations and achieve

Authorized licensed use limited to: lllinois Institute of Technology. Downloaded on May 24,2010 at 17:48:11 UTC from IEEE Xplore. Restrictions apply.



LIANG et al.: A SEQUENTIAL MONTE CARLO METHOD FOR MOTIF DISCOVERY

lower memory requirements, only the samples zgk) and the
corresponding sufficient statistics Tgk) are stored. Furthermore,
the static parameters @ can be estimated by Rao—Blackwelliza-
tion [17]

K
1 k k
E{0ly,) = Eu.py, (E{Oly, )} ~ 3 o wfVE {0}
k=1

(14)

C. The SMC Motif Discovery Algorithm

For the system states up to time ¢,z; = [z1, ..., 2], and the
corresponding sequences Sy = [s1, . . ., $¢], we will first present
their prior distributions and their conditional posterior distribu-
tions, and then present the steps of the SMC motif discovery
algorithm.

Prior Distributions: Denote 0, = 01,...,04)F,j =
1,...,w, as the jth column of the position weight matrix ©.
In Monte Carlo methods, the prior distribution is often chosen
so that the posterior and the prior are conjugate pairs, i.e., they
belong to the same functional family. It can be seen that for
all of the motifs in the dataset S, the nucleotide counts at each
motif location are drawn from multinomial distributions. It is
well known that the Dirichlet distribution provides conjugate
pair for such distribution. Therefore, we use a multivariate
Dirichlet distribution as the prior for #. The prior distribution
for the ¢th column of the PWM is then given by

olND(p117p14) 1=1,2,...,w. (15)
Denote p; 2 [pi1s- - - » pia]. Assuming independent priors, then
the prior distribution for the PWM @ is the product Dirichlet
distribution

w

0~ HD(Pi)-

i=1

(16)

Please refer to [18] for a detailed discussion on the Dirichlet
distribution.
Conditional Posterior Distributions: Here we give the condi-
tional posterior distributions that are used in the SMC algorithm:
1. The conditional posterior distribution of the PWM @:

p(®|St,$t_1,$t = Z)
&8 p(3t|®7mt—17$t = i7St—1)p(®|zt—17St—1)

o H ay(at.i(j)) H agz(t—l)—l
j=1 =1
x Ay (O;p(t—1)

+n(a:i(1)),...,p,{t — 1) +n(ar(w))) a7

where we denote A, (®;p,,...,p,) as the product
Dirichlet pdf for ©,p,(t) 2 [pis(t),....pu(t)],i =
1,...,w, as the parameters of the distribution of ® at
time ¢, and 0£’“<t)_1 2 -, 6,&@’“("’)_1). Note that the
posterior distribution of ® depends only on the sufficient

statistics Ty 2 {p;;(£),1 < i < w,1 < j < 4}, which is

4499

easily updated based on T',_1, x4, and s, as given by (17),
i.e., Tt = Tt (Tt_17 T, St).
2. The conditional posterior distribution of state w;:

p(‘Tt = i|St7 ®> = p(iﬂt = i|st7 @)

x B(s;4,©), i=1,2,...,Lp. (18)

Sequential Monte Carlo Estimator: We now outline the SMC
algorithm for motif discovery when the PWM is unknown, as-
suming that there is only one motif of length w, and it is present
in each of the sequences in the dataset. At time ¢, to draw random
samples of azgk) we use the optimal proposal distribution

g2z = |z, 81, @) = pla, =iz, 8y, ©) ~B(s434, ©).

(19)
To sample ®, we use the following proposal distribution:
0(®z), S))
Ly,
x ZP(3t|$t =14,0,%1,8:-1)p(Olz1—1,5:-1)
i=1
S T gor (t=D+1(@. (1)
o Zpt:):mt H 02‘ t—1)+n(a; ;(k))—1
i=1 k=1
Ly,
% D> XA (O5p (= 1)
i=1
+n(a:i(1)),...,p,{ — 1) +n(ar;(w))) (20)
where
A s T n(@,
it = Pf,mt Hﬂf(t - 1) (@) (2D
=1

with p,(t)™@:(0) 2 [T, pej(t)!Cri+=1=9) Detailed

derivation of (20) can be found in the Appendix. The weight
update formula (13) can be written as:

30 it
w 4

where the derivation is also given in the Appendix.
We are now ready to give the SMC motif discovery algorithm:

Wy X Wt—_1

(22)

Algorithm 1

[SMC motif discovery algorithm for single motif present
in all sequences]
e Fork =1,...,
— sample ®*) from the mixture Dirichlet distribution
given by (20).
— sample wtk from (19).
— update the sufficient statistics T,Ek) =
Ty(T, 27 8,) from (17).
¢ Compute the new weights according to (22).
» Compute K.g according to (11). If Kog < (K)/(10)
perform resampling.
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Motif Scores: When searching for motifs in a dataset, it is
often necessary to assign confidence scores to the motif loca-
tions estimated. A natural choice in this case will be to use the
a posteriori probability

P(l’t|3t) X P(3t|$t)P(l’t) (23)
as the confidence score for our estimation, where p(x; ), the prior

probability of the starting location of the motif in sequence ¢ is
assumed to be uniformly distributed. Note that

p(siee) = / D(sile, ©)p(©)dO. (24)
From [19] and [20], (24) can be approximated by
p(selze) = p(se|we, é)P(©>
:B(st;xh@)Aw(@;pht?'"7pw7t) (25)

where the estimated PWM © is computed from (14), and we
denote (25) as the Bayesian score.

IV. EXTENSIONS

In this section, we present modifications to the SMC motif
discovery algorithm introduced in the previous section to cope
with more sophisticated scenarios including two-block model
with unknown gap length, motifs of unknown lengths, motifs
with unknown abundance, and sequences with multiple unique
motifs.

A. Two-Block Model

In real datasets, the motifs are often highly conserved at
both ends of the motif while showing little or no conservation
in the middle. Such behavior is exhibited in the CRP dataset
as discussed in [21]. For the two-block model, as shown in
Fig. 1(b), we assume that the motif is segmented into two
blocks of known lengths w; and ws, separated by a gap of
length ¢ € [gmin, Ymax)- The statistics of the motif can be
described by the 4 x w PWM O, where now w = wy + ws, and
the first wy columns describe the statistics of the first block,
and the remaining ws columns describe those of the second.

In order for the SMC motif discovery algorithm to be able to
handle sequences with two-block motifs, we simply modify the
state space. Instead of letting the state x; be the location of the
first nucleotide of the motif, we let the state be the number pair
Tt é (atagt> where a; € {17 s 7Lm}7gt € {gmin7 s 7gmax}s
and a; + ¢g; + w1 + we — 1 < L. The proposal distributions
q1 and ¢o, and the updates to the sufficient statistics and the
weights are similar to those introduced in Section III-C for the
single-block motif model, except that for the two-block model,
after wy nucleotides, the index for the final w> nucleotides are
advanced by g; to account for the gap in the two-block model.
We modify the proposal distributions as follows:

(e = (i, )|z, 81, ©) o B(sy; (4, §), ©)

n(@; ;)L
=2, JLor e @6
=1
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where a, (; ;)(£) is the £th nucleotide of the two-block motif

JAN
@r,(ij) = [Stis o Stiitwi =1, Stitjtwss -+ - Stitjtw—1]

27)

of the tth sequence. To sample ®, we use the following proposal
distribution:

q1 (®|ili£’i)1-, St)

DY
(1,5)€{(at.g:)}
X Ao (©:py(t = 1) + n(ar, (1),

. 1 n(@; (; ;)¢
P, [ oot — 1)@
=1

pu(t = 1) +nay i jy(w))) (28)
Finally, to update the sufficient statistics, we have
p(®lz1,81) o< Aw(O;py(t - 1)
+n(ay i )(1)), ..., py(t — 1) +n(ay; j)(w))) (29)
and to update the weights
w0y o 1y 2eDE @90} i) ¢ 30)

1w 4
| Pt Zj:l prj(t—1)

where A(; ;) ¢ = PP, TTi pe(t — 1)"(at"“"j>(i)).
The steps of the modified SMC algorithm for two-block
model is as follows.

Algorithm 2

[SMC motif discovery algorithm for two-block model]

e Fork=1,...,K
— Sample O %) from (28).
— Sample a:,gk) from (26).
— Update the sufficient statistics Tgk) =

(T, 2| s,) from (29).

* Compute the new weights according to (30).

» Compute K. according to (11). If K. < (K)/(10)
perform resampling.

B. Motif of Unknown Length

In the previous sections, we have assumed that the length of
the motif is known, which is not always the case in practical
applications. Assume that the dataset contains a motif of un-
known length m* that falls in the window [mmin, Mmax]. Here,
we modify the SMC algorithm so that the algorithm finds the un-
known motif length from the window given. The basic idea is to
associate with each sample k the quantity mgk), at time ¢, which
is the length of the motif in sample & at time ¢. Corresponding
to this length, we have for sample k& the PWM @ (%) with size
4x wt(k), where mgk) € [Mmin, Mmax]- Att = 0, m(()k) is drawn
uniformly from the set {mmin, Mmin+1, ..., Mmax }. After up-
dating the weights using the equation that will be introduced
shortly, the resampling condition is checked. When resampling
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is performed, the m0t1f length samples mgk) are replaced by the

resampled values mt k = 1,..., K. Thus, adaptation to the
optimum motif length is achleved through resampling [22].

Assume at time ¢ — 1 we have the weighted sam-
ples {(zt 1 mgk)l, wt(k)l) = K} At time ¢,
we let mtk = mtk)l, and obtain the weighted samples
{(z §’“) (k)7 (k)) k = 1,...,K} according to (19), (20),
and (22), using mg ) as the length of the motif. Thus, following
each time increment, the length of the motif for each sample is
retained until resampling occurs.

In general, we have p;; > 1 as t increases. From the defini-
tion of \; ; for (21) we can see that each ); ; is a product of L
terms, w of which are the coefficients for the Dirichlet distribu-
tions, and the rest are probabilities of nucleotides from the non-
motif regions. It is clear that the longer is the motif length of a
sample, the larger is the corresponding weight. Thus, the weight
update needs to be normalized so that weights of different motif
lengths can be compared fairly. From (17), we can see that for
each Dirichlet parameter pgk) (t), at every time step, the param-
eter is incremented by 1 at the position corresponding to the nu-
cleotide observed at position 7 of the motif. Therefore, the sum
ijl pgf)(f) is incremented by 1 from 37 =1 P ff)(t 1),and at
a given time ¢, the sum is the same for all 7,7 = 1, . (k) .In
(22), the denominator is the product of the sums Z =1 pff) (t—
1),0=1,. ( ). Since all the sums have the same Value we
pave [T 520, 46— 1) = (2, o6 - 1) No
tice that the product depends on the length of the motif for the
given sample. In order to compare the weights of samples with
different motif lengths, we need to normalize the parameters of
the Dirichlet distribution for all samples such that

Mmin m

4
=S B -1)

J=1

t—l

Zp
(31)

is true for all mgk), where pgmm‘“)(t) and pgk)(t) are the
Dirichlet parameters at the ith position of the motif for the
motif with minimum length and the motif of the kth sample,
respectively, and [ifk) is the normalizing constant for the kth

sample at time ¢. Since both pgm"“")(t 1) and p< )( — 1) are
k) .
known, 3, is simply
4 (mm]n) Mmin
a (Zic el =)
(k) 2 o (32)

k i
D —1))

Similarly, since the computation of )\Eﬁ) involves the multiplica-
k) &

(-

tion of L( =L- m(k) + 1 nonmotif nucleotide probabilities,
whereas for a motif of minimum length, the multiplication only

involves LS,T min) & = L — my;, + 1 terms, we normalize )\( ) by

n(@; ; (¢
AD 2 (ps ) @ :(0))

TT,

4 H ®) (4 _1)

(33)
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where v(k) = (Lg,T))/(Lgf)) We now use the following

modified weight update formula in the SMC motif discovery
algorithm for unknown motif length

k) LF) | (k

Cg )Zi:"i )‘E t)

k) ™) 4 k
t( ) (=1 Z] 1p23)(t_1>

where ¢{®) & (3L P /(S P2, ). We will show
in the Appendix that this is properly weighted with respect to
p(x+|S+) for samples that have the same sampled motif lengths.
The weights are now normalized so that they are equivalent to
the weight for a minimum length motif so that the weights for
different motif lengths can be compared fairly. Note that the set
of weighted samples {(zgk), mgk), wt<k))7 k=1,...,K}isnot
properly weighted with respect to the same posterior distribu-
tion due to the different motif lengths in the samples. However,
the subset of samples with the same sampled motif length, m, is
properly weighted with respect to p(x;|S;, m). At each resam-
pling, more and more samples with the true motif length are re-
sampled. Eventually, most of the samples will become properly
weighted with respect to p(z¢|St, m = m*).

We next summarize the SMC motif discovery algorithm for
unknown motif length.

wgk) X wik)1

(34)

Algorithm 3

[SMC motif discovery algorithm for unknown motif length]
* Initialization: Sample mg] ) uniformly from
[mmina mmax] .

* Importance Sampling: For¢ = 1,2, ...

(k) _ (K

e setmy; ' = mt 1-

+ sample ®*) from (20) using m( ) as length of
motif;

* sample :175 ) from (19) using mgk) as length of
motif;

* update the sufficient statistics T<k) =T, (Tgﬁ)l,
xﬁ’“) s¢) from (17) using m( ) as length of motif.
— Compute the new weights according to (34).
— Compute K g according to (11). If K¢ < (K)/(10)
perform resampling.

e AtT + 1, let d be the number of sequences having
estimated motif lengths that is different from the final
converged motif length. Fort =T +1,...,T + d,
repeat the Importance Sampling step for the d
sequences to re-estimate motif location and motif
length.

C. Motif With Unknown Abundance

To perform motif discovery on datasets where there exist an
unknown number of the same motif, we can perform multiple
passes of the SMC algorithm on the sequences. Before the sub-
sequent pass, the motif fragment is removed from the sequences
where they are found, and the remaining sequence fragments
are appended to form a new sequence. By keeping an index
on the locations in a sequence where the fragments are joined,
we can determine the nucleotides that are possible locations
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for the starting point of a motif, and modify the state space of
(19) accordingly. Note that the SMC algorithm presented so far
finds the location in the given sequence that best matches the
PWM samples, relative to the other locations in the sequence.
However, the actual match may be very poor, thus we may as-
sume that the motif does not exist in the given sequence. From
(17), we can see that each Dirichlet parameter p; should have a
dominant value at one of the four nucleotides, which indicates
the most likely nucleotide to occur at position ¢. If a motif is
present in sequence t, these dominant values are more likely
to be present in the computation of A in (21). If a motif is not
present, then the smaller values are more likely to be present
in (21), thus the X value for a sequence will be significantly
different depending on the presence of a motif. To determine
whether the motif being looked for in the current pass exists in
any sequence, we use the following threshold:

m

L w
Z Ptg,xi H max {pm}
=1 m=1

2

1
)\thresh
L’rn

w

+yor, T o)
m=1

i

(35)

This is simply the average of \; ; over all possible starting po-
sition ¢ for the starting location of the motif, assuming that a
motif exists in the sequence. The sequence ¢ can be declared
not to contain a motif if Zle it < QAghresh Where a < 1.
The following gives the SMC algorithm for datasets with un-

known motif abundance and/or multiple unique motifs.

Algorithm 4

[SMC motif discovery algorithm for unknown motif
abundance]
* If there are sequences remaining in the dataset, perform
the following steps.
* Importance Sampling: For ¢t = 1,2, ...

— If motif determined to be present in previous pass,
remove motif and append fragments. Mark the
location where the fragments are appended. If motif
determined not to be present in the previous pass,
remove sequence from dataset. For the first pass,
assume motif is present in the previous pass.

— If motif is present in the previous pass, for
k=1,...,K
+ sample ®*) from (20);

e sample xgk) from (19);

e compute A¢presh according to (35);

e if Zfz”l Ai > A¢hresh, declare motif to be
present;

o if ZiL:’"l Ai > aMthresh, update the sufficient
statistics T*) = T, (Tgli)l, aM, s¢) according to
a7.

—1If ZLLZ"I it > @Athresh, compute the new weights
according to (22). -

— Compute K.g according to (11). If Kog < (K)/(10)
perform resampling.
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D. Multiple Unique Motifs

The SMC motif discovery algorithm can very easily be
adapted to search a dataset for a large number of unique motifs,
while this functionality may be supported by other algorithms
in some form or other, the nature of the SMC motif discovery
algorithm allows for very efficient implementation. Similar to
the extension discussed in Section IV-C, the SMC algorithm
is used in multiple passes through the dataset to locate the dif-
ferent motifs. After each pass, the motif that has been located is
removed from each sequence, and the remaining fragments are
appended to form a new sequence. Before performing a new
pass over the modified dataset, the parameters for the priors are
reset to their initial values, and the state space is modified to
correspond to the possible starting locations of the new motif.
Whereas in Section IV-C, the updated parameters are retained
to locate the same motif which may occur multiple times in
a sequence, by resetting the parameters here we allow the
algorithm to look for motifs that may be different from the one
that was just found.

E. Using Results From Another Algorithm as Prior to SMC

While the SMC algorithm can be used as a stand-alone
algorithm for motif discovery, it can also be used as a second
pass algorithm to refine and improve the results of other motif
discovery algorithms. Note from (19)—(21), the starting loca-
tion of a motif is drawn using a PWM sample drawn from a
mixture product Dirichlet distribution, which depends on the
parameters p;,¢ = 1,...,w. Having parameters that better
represent the statistical structure of the motif will allow the
algorithm to better recognize the location of the motif inside
the sequence. From (17), we can see that the Dirichlet param-
eters can be easily updated if we have the sequences and the
estimated starting locations of the motifs in those sequences
by some other motif discovery algorithms. When initiating the
SMC algorithm, we simply increment the Dirichlet parameters
according to (17) using the sequences and their corresponding
estimated starting locations as indexes. This procedure works
even if some of the estimated starting locations are incorrect,
since the cumulative effect will still allow the SMC algorithm
to draw a sample PWM which closely agrees with the statistical
structure of the motif.

V. EXPERIMENTAL RESULTS

We have implemented the proposed SMC motif discovery al-
gorithms and evaluated their performance on real and synthetic
data. The results are compared to those of MEME, AlingACE,
BioProspector, and UPMF.

A. Results for Real Data

We use two sets of real DNA sequences to evaluate the
performance of the SMC motif discovery algorithm. The first
dataset used is the cyclic-AMP receptor protein (CRP) from
Escherichia coli which contains 18 sequences [23]. Each
sequence is 105 nucleotides long, and the dataset contains 23
motifs of length 22 that have been experimentally determined.
The results of motif discovery using MEME, AlignACE, and
BioProspector are given in [21]. The second set of real data
used consists of 200 sequences, each of which contains a
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TABLE I
PERFORMANCE COEFFICIENT AND COMPUTATIONAL COMPLEXITY COMPARISON
FOR SMC AND GIBBS SAMPLING-BASED ALGORITHMS

Dataset/Algorithm SMC | Gibbs Sampling
TATA-box perfor. coeff | 1.0000 1.0000
TATA-Box running time | 7 min. 10 min.

CRP perf. coeff. 0.6700 0.6563

CRP running time 4 min. 8 min.

TATA-box binding site. The TATA-box binding site is usually
found as the binding site for the RNA polymerase II and is
usually located approximately 25 nucleotides upstream from
the transcription start site [24] with experimentally determined
length of 8 nucleotides [25]. We have chosen fragments of 75
nucleotides long from upstream of 200 RNA polymerase II
binding sites for this dataset.

Basic SMC Algorithm: The performance results of the SMC
algorithm, MEME, AlignACE, and BioProspector on the CRP
and TATA-Box datasets are given in Tables I V.

To demonstrate the performance of the SMC Algorithm 1,
we have implemented the proposed SMC algorithms and the
Gibbs sampling-based algorithm proposed in [7] in MATLAB,
and compared the accuracy and the time needed for both al-
gorithms to process the TATA-box and CRP datasets. For the
SMC algorithm, the results are obtained from a single pass with
the first 3 sequences estimated again using the updated priors
after the first pass. For the Gibbs sampling-based algorithm, we
ran the algorithm until the predictions have converged. For the
TATA-box dataset we selected the top 200 motifs and for the
CRP dataset the top 23. MATLAB simulations are performed
on a machine with Pentium IV 2.56-GHz processor. For the
TATA-box and the CRP datasets, we used fixed lengths of w = 8
and w = 22, respectively, for both Algorithm 1 and the Gibbs
sampling-based algorithm. Table I shows the performance coef-
ficient [1] and the running time for each algorithm for the two
datasets.

For the TATA-box dataset, we can see that both algorithms are
able to locate all the motifs correctly, but Algorithm 1 has the
advantage in terms of computational time required. For the CRP
dataset, Algorithm 1 again requires less running time, and also a
higher performance coefficient due to higher degree of overlap
with the correct motifs for those motifs that are incorrectly pre-
dicted. As we can see from this example, the SMC algorithm can
perform better or comparably with the Gibbs sampling-based al-
gorithm in terms of prediction accuracy, and for the cases where
the performances are comparable, the SMC algorithms are also
less computationally intensive.

Motif of Unknown Length: For the CRP dataset, the length
of the motifs has been experimentally determined to be 22
nucleotides long [23]. Here, we employed Algorithm 3 to
adaptively determine the optimum length of the CRP motif. For
AlignACE and BioProspector, both of which require a specific
motif length as an input, several runs using different motif
lengths were performed. Table II shows the estimated motif
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length, number of potential motifs found by each algorithm,
the number of correct site predictions, and the performance
coefficient of the predictions. Both MEME and AlignACE have
predicted motifs that contain a consistent shift with respect
to the known starting locations. For these two algorithms, we
consider the predicted sites that have a consistent shift from the
known locations as correct predictions.

For the CRP dataset, we can see that the SMC algorithm
outperforms AlignACE and MEME, and has comparable accu-
racy to BioProspector in terms of performance coefficient. The
length of the CRP motif predicted by Algorithm 3 is also only 1
less than the known length. For the results of the CRP dataset,
while MEME was able to identify more correct instances of the
motif, the estimated length and locations predicted by MEME
are different from the experimentally determined results. From
footprinting methods [26] we know that the CRP motif is
22 nucleotides long with the consensus sequence “TTATGT-
GATCGAGGTCACACTT”. Table III gives the consensus
sequence of the CRP motif discovered by each algorithm.
We can see that only Algorithm 3 and BioProspector have
predicted motifs having the same starting location that matches
those of the known sites. For MEME, not only are the predicted
sites shifted downstream by three nucleotides with respect to
the known starting locations, the incorrectly predicted sites
also have less overlap with the known sites, thus MEME has a
much lower performance coefficient despite having accurately
predicted more motifs.

Motif With Unknown Abundance: In the CRP dataset, 23
motifs are known to exist in the 18 sequences. We treated the
number of motifs as an unknown, and employed Algorithm 4 to
locate all possible motifs of length 22 within the dataset. The
number of motifs found by each algorithm, and the accuracy
of the motifs found are shown in Table II. In our experiment,
the SMC algorithm found the same ratio of true sites as that
of BioProspector and exceeded that of AlignACE. For MEME,
although more true motifs were found than by any other algo-
rithm, the motifs found by MEME have different starting loca-
tions, as discussed earlier.

Two-Block Model: As can be observed from the consensus
sequence of the CRP dataset, the CRP motif can also be seen as
two blocks of conserved motifs with a gap around six to eight
nucleotides long. To see the effect of using a two-block model,
we performed the simulations again on the CRP dataset, this
time using the two-block model and Algorithm 2. We chose as
parameters wi = w2 = 6, gmin = 6, and gmax = 8 for both
the BioProspector and Algorithm 2. As we can see in Table IV,
both the BioProspector and SMC algorithm have similar perfor-
mances in terms of the number of sites predicted, with the SMC
algorithm having higher performance coefficient, and the results
for both algorithms using the two-block model outperform the
results for both algorithms using the single-block model.

Second Pass Accuracy: Employing the SMC algorithm
described in Section IV-E, we can improve upon the results
of other algorithms by using the SMC algorithm to perform a
second pass through the dataset. In the first row of Table V,
using the CRP dataset, we first show the results of motif
discovery using the SMC Algorithm 1, MEME, AlignACE, Bio-
Prospector, and UPMF as first pass algorithms. As the second
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TABLE II
MOTIF DISCOVERY RESULTS USING CRP DATASET
Dataset/Algorithm SMC | BioProspector | MEME | AlignACE
CRP Estimated Length 21 22 20 24
Potential CRP Motif Found 14 13 18 10
CRP Accuracy 12/23 12/23 16/23 10/23
Perf. Coeff. 0.6566 0.6563 0.4816 0.4536
TABLE III

PREDICTED CONSENSUS SEQUENCE FOR THE CRP MOTIF

We used the following rules to generate synthetic data of dif-
ferent levels of conservation for performance comparisons. For
highly conserved motifs, the dominant nucleotide at each posi-
tion in the motif is assigned probability of 91%, where as the
remaining nucleotides are assigned probability of 3% each. For
mildly conserved motifs, the dominant nucleotide at each posi-
tion in the motif is assigned probability of 70%, where as the

Algorithm Estim. Length Consensus Seq.
Known 22 TTATGTGATCGAGGTCACACTT
SMC 21 TTATGTGATCGAGGTCACACT
BioProspector 22 TTATGTGATCGAGGTCACACTT
AlignACE 24 ATTTATGTGATCGAGGTCACACTT
MEME 20 TGTGATCGAGGTCACACTTT
TABLE IV B. Results for Synthetic Data
TwO-BLOCK MODEL ACCURACY COMPARISON FOR CRP DATASET
Motif found | Accuracy | Perf. Coeff
SMC 18 16/23 0.7738
BioProspector 17 16/23 0.7432
TABLE V

FIRST PASS ACCURACY FOR EACH ALGORITHM AND THEIR SECOND PASS
RESULTS USING SMC ALGORITHM USING CRP DATASET

Pass/Alg. | SMC | BioP. | MEME | AlignACE
Ist 12/23 | 12/23 | 16/23 10/23
2nd 14/23 | 14/23 | 16/23 12/23

row of Table V shows, the second pass results are improved
from the first pass results for each of the algorithms tested.

Note that for the UPMF, no improvements can be made since
the authors have been unable to find the motifs in the CRP
dataset in the first pass. To the authors’ best knowledge, ap-
plying different parameters to UPMF results in either no mo-
tifs found, or incorrect motifs found. This phenomenon may be
due to the basic assumption of the UPMF, which is to solve the
(¢, d) motif problems proposed in [1]. The (¢, d) motif problems
assumption which is not always held in real motifs. While it has
been shown that projection based algorithms can work with real
datasets [2], the range of the number of deviations from the con-
sensus sequence exhibited by the motifs in the CRP dataset may
be too large, and presents a particular difficult problem for the
UPMF.

remaining nucleotides are assigned probability of 10%. Non-
motif frequency is assigned as 25% for each nucleotide.

Basic SMC Algorithm: We compared the performance of
SMC Algorithm 1, MEME, AlignACE, and BioProspector
using synthesized datasets of highly conserved and mildly
conserved motifs at various motif lengths. We generated highly
conserved motif datasets with motif lengths between 8 and 12,
and mildly conserved motif datasets with motif lengths between
17 and 22. Each dataset contains 50 sequences, each of which
is 200 nucleotides long. A motif of corresponding length is
present in each of the sequences. The performance comparisons
using synthetic data of highly conserved and mildly conserved
motifs are given in Figs. 2 and 3, respectively. For both highly
conserved and mildly conserved motifs, the accuracy of each
algorithm is plotted against the length of motif. In both figures,
we can see that the SMC algorithm outperforms the other three
algorithm for all motif lengths tested. It is clear by looking at
(20), motifs with greater length will allow the SMC algorithm
to draw more samples with the correct starting location. For
mildly conserved motifs, longer motif length is needed to have
more nucleotide matches to the true motif so that the correct
starting location can be drawn.

Unknown Motif Abundance: In addition to higher accuracy in
motif site predictions, the SMC algorithm also has higher sen-
sitivity to possible motif locations. We used 3 datasets of 50 se-
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Fig. 3. Accuracy for mildly conserved motifs.

TABLE VI
PERCENTAGE OF SEQUENCES WITH MOTIF THAT ARE CORRECTLY IDENTIFIED

Con./Alg. | SMC | BioP. | MEME | AlignACE
0.91 100% | 100% | 100% 100%
0.80 92% | 90% 91% 88%
0.70 68% | 60% 61% 59%

quences each, with conservation of 0.90, 0.80, and 0.71 for the
dominant nucleotides in the motifs, and motif length of 12, 16,
and 18 respectively. For SMC Algorithm 4, the threshold multi-
plier a is set to 0.05. In each dataset, only half of the sequences
contain a single motif. Table VI tabulates the percentage of se-
quences in each dataset that is correctly identified with a motif
by each algorithm. It is seen that the SMC algorithm suffers less
from false negative errors than the other algorithms.

Second Pass Accuracy: In Table VII, we show the second
pass results of motif discovery using the SMC algorithm pro-
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TABLE VII
FIRST PASS ACCURACY FOR EACH ALGORITHM AND THEIR SECOND PASS
RESULTS USING SMC ALGORITHM USING MILDLY CONSERVED
SYNTHETIC DATASETS

Pass/Alg. | SMC | BioP. | MEME | AlignACE | UPMF
1st 89% | 87% 86% 83% 92%
2nd 91% | 93% 93% 87% 94%

TABLE VIII

PERFORMANCE OF DIFFERENT ALGORITHMS FOR SYNTHETIC (16, 5) MOTIFS
EMBEDDED IN SEQUENCES OF 250 AND 600 NUCLEOTIDES

Sequence Length | Perf. Coeff.
BioProspector 250 0.34
600 0.04
UPMF 250 0.93
600 0.70
SMC 250 0.35
600 0.04
SMC/SMC 250 0.68
600 0.04
UPMF/SMC 250 0.95
600 0.73

posed in Section IV-E, MEME, AlignACE, BioProspector, and
UPMEF as first pass algorithms. The results are averaged over
ten datasets, each of which contains 50 sequences with mildly
conserved motifs of 20 nucleotides long. Similarly to the results
using the CRP dataset, the results in Table VII show that the
SMC algorithm is able to improve upon the results of the first
pass algorithms.

In Table VIII, we give the performance comparisons of SMC
Algorithm 1, BioProspector, and UPMF on two types of syn-
thetic datasets generated based on the (¢, ) motif problem. The
datasets contain (16, 5) motifs embedded in sequences of 250
and 600 nucleotides long. As we can see in Table VIII, as first
pass algorithms, UPMF significantly outperforms both the SMC
Algorithm 1 and BioProspector. This is not surprising since the
projection-based algorithms are designed specifically for these
types of problems. However, the SMC algorithm is still able to
improve those results as a second pass algorithm. These results
also show that the SMC algorithm has similar performance to
other Gibbs sampling-based algorithms in the twilight zones,
where the motifs are often too mildly conserved that it is diffi-
cult for the statistical-based algorithms to find a starting point.

VI. CONCLUSION

In this paper, we have proposed a sequential Monte Carlo so-
lution to the hidden Markov model of motif discovery problem.
We have shown that the SMC algorithm can provide in many
cases better performance than those of other algorithms. Even in
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cases where it does not offer the best performance, it is still valu-
able as a refining tool for those superior results. The scope of
this paper focuses on improving the performance of traditional
models where the sequences are assumed to be independent. The
current system model can be modified to support models where
the locations of the motifs are correlated between adjacent se-
quences by casting the current model in to a HMM problem.
The states and observations in the HMM model remain the same
as the current model, and the state transition probabilities can
be estimated with some metric based on data provided by mi-
croarray experiment results. Finally, we note that in a follow-up
work [11], we have proposed a deterministic tree-based search
method to discover motifs of unknown length, and motifs with
insertion/deletion mutations.

APPENDIX

Derivation of (20):
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The proposal distribution of ® is a mixture of Dirichlet distri-
butions which can also be rewritten as

1
ZZ:l )‘m,t

Ly,
X > Aiap(OIT(Ty—y, 0 = i,2-1,51). (37)

i=1
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Derivation of (22): From (37), we can see that
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Furthermore,
p(zi|zi-1, O)p(8¢|71, O)
= p(st|ri_1,©
p(xt|-""t—last>®) (sfre-1,©)
L, w
=S o
(39)
The weight update is thus given by
L
m Am
Wy o Wy Lz At (40)
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Derivation of (34): For the motif of unknown length model,
we use the following proposal distribution to sample ® for the
kth sample:
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where the Dirichlet mixture coefficient /\< t) is given by (33).
Now from (37) we have
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From (39) and (42), (13) can now be written as
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